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1 Introduction 



A procedure to construct commuting quantum traces for a particular form 
of quadratic exchange algebras, known as reflection algebra PP, was recently 
developed in |2|, building on the pioneering work in [Sj. We recall that it 
entails three different steps: construction of the quadratic exchange algebra 
itself, and its so-called "dual" (this notion will be clarified soon); construc- 
tion of realizations of the exchange algebra and its dual on consistent tensor 
products of the initial auxiliary space (which we will denote here as "fusion" 
procedure) while keeping a single "quantum" Hilbert space on which all op- 
erators are assumed to act; combination of these realizations into traces over 
the tensorized auxiliary spaces, yielding commuting operators acting on the 
original quantum space, labeled by the integer set of tensorial powers of the 
auxiliary space. 

We immediately insist that this procedure is distinct of, and in a sense 
complements, the familiar construction of transfer matrices by tensoring over 
distinct quantum spaces (using an appropriate comodule structure of the 
quantum algebra) while keeping a single common auxiliary space ; the trace 
is then taken over the auxiliary space to yield a generating functional of com- 
muting operators |3]. In the case when there exists a universal formulation 
of the algebra as a bialgebra with a coproduct structure, both constructions 
stem from two separate applications of this coproduct. However, the resulting 
operators are quite distinct: the trace of the monodromy matrix yields com- 
muting operators acting on a tensor product of Hilbert spaces (as in e.g. the 
case of spin chains); the trace of the fused auxiliary matrix yields operators 
acting on one single Hilbert space. These can be shown in some particular 
cases to realize the quantum analogue of the classical Poisson-commuting 
traces of powers of the classical Lax-matrix Tr(L") (see [21 IH]). This is 
the reason for our phrasing of "quantum traces" actually borrowed from [7] . 
In addition it must be emphasized that the procedure itself, combining a 
construction of a "dual" algebra and the establishing of exact fusion formu- 
las, yields very interesting results on the quadratic exchange algebra itself, 
and its possible identification as a coalgebra (e.g. Hopf or quasi-Hopf). As 
we will later comment, it also plays a central role in the (similarly named) 
Mezincescu-Nepomechie fusion constructions for spin chains |S1 E] • 

A word of caution is in order. Throughout the paper, we use the term 
"fusion" in a restrictive sense, insofar as we only consider the possibility 
of acting on auxiliary spaces. The general fusion procedure itself has been 
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applied also to the quantum spaces, yielding e.g. higher spin interactions (TU] 
or multiparticle bound states 5'-matrices. 

Our purpose here is to fully describe the quantum trace procedure for 
three types of general quadratic algebras. The first one is the quantum non- 
dynamical quadratic exchange algebra introduced in j3] . The second one was 
formulated in ^T] as a dynamical version of the quadratic exchange alge- 
bras in [3] with particular zero-weight conditions. It will be denoted "semi- 
dynamical" here, for reasons to be explicited later. The third one (similarly 
denoted here as "fully dynamical") was first built in [T2] for the sl(2) case, 
and extended to the s[„ case in jTSj, albeit with particular restrictions on 
the coefficient matrices. The zero- weight conditions are different; the alge- 
bra structure itself mimicks the reflection algebra introduced by Cherednik 
et Sklyanin in P] ; a comodule structure was identifled and a universal struc- 
ture was proposed in ^3]. We will here briefly comment on the differences 
between the quantum traces built in both dynamical cases. 

2 Non- dynamical quadratic algebras 

These algebras were recognized [Il|7| as generalizations of the usual i?-matrix 
and quantum group structure, leading to non skew symmetrical r-matrices 
in the quasiclassical limit. 

They are characterised by the following exchange relations. 

Ai2 Ti Bi2 T2 = T2 C12 Ti D12 (1) 

where, as usual, the quantum generators sit in the matrix entries of T. Let 
us recall some examples of this structure. 

• The Yangian and quantum group structures where A = D,B = C = 1 

• Donin-Kulish-Mudrov (DKM) reflection algebra without spectral pa- 
rameters ^ni- A = C, B = D = A'^, where ( Y denotes the permuta- 
tion of auxiliary spaces: (v4'^)i2 = ^21- 

• Kulish-Sklyanin type reflection algebra containing spectral parameters 

A = R^2^B = R+^,C = Rt2, D = R21 (± signs refer to the 
relative signs of spectral parameters in the i?-matrix). 
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In jSl El consistency relations involving the structure matrices were de- 
rived and it was found that they had the form of cubic relations on the 
matrices A, B,C, D. 
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(2) 
(3) 
(4) 
(5) 



We can see that A and D obey the usual YB-equations whereas C and B are 
their respective representations. 

Furthermore, generalized unitarity conditions can be derived from self- 
consistency of under exchange of spaces 1 and 2 which imposes: 



Au = aA^I Du=PD^i' Bu = («,A7GC) (6) 



The constants of proportionality have to obey an additional constraint: 07 = 
/97~^. In the sequel, we will restrict ourselves to the simplest choice of a = 



Let us also note that although B12 = C21, for ^sthetical and mnemotech- 
nical reasons we continue to use C whenever it allows for the more familiar 
and significant (12, 13, 23) display of indices. 

In |3j the authors had already introduced an algebra which they called 
"dual" to (HJ. This "dual" structure is characterised by the following ex- 
change relation. 



{Ai,T^ K, {{B^y'Y K2 = K2{{C%)-'Y K, {Ditr' (7) 



Two respective representations of ((T)) and ^ (assumed to act on different 
quantum spaces) can be combined by means of a trace j^l El UHl on the 
common auxiliary space to generate commuting quantum operators. It is 
with respect to this trace that equation (jT}) can be characterized as the dual 
of equation (P). We formulate the conjecture that this is the trace of a 
*-algebra structure on some underlying universal algebra. Some freedom 
remains as to the actual form of the trace and in the sequel we will stick 
to the choice of H as Trv{K^T). Here the superscript t stands for any 
antimorphism on the auxiliary space V, which satisfies also the trace invari- 
ance property Tr{KT) = Tr{K^T^), for all matrices K and T. The actual 



/? = 7 = 1. 
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antimorphism may differ from the usual transposition (e.g. by additional 
conjugation, crossing operation) since the proof of commutation uses only 
(see theorem I5I6I and [T^ the antimorphism and trace invariance properties 
(see e.g. the super-transposition in superalgebras, or the crossing operation 
in i?-matrices) . Let us also remark here that it is possible to choose a trace 
formula where the antimorphism acts on the quantum space, as it is the case 
in j2] , but we prefer not to do so here. Our particular choice is motivated by 
the fact that transposition on the auxiliary space is always defined whereas 
on the quantum space it is not necessarily straightforward and could require 
a supplementary hypothesis on this quantum representation which may not 
be easily implemented. 

The quantum trace formulation for such a non-dynamical algebra stems 
from the results in [21 0] ; it is however interesting to give a rather detailed 
derivation of it in the general case, since both dynamical algebras will present 
similar features, albeit with crucial modifications in the fusion and trace 
formulas induced by the dynamical dependence. 

We will describe two fusions (consistent tensor product of auxiliary spaces) 
of equation ((T)) respectively inspired by j2] (itself relying on [T]) and ^E^. 
While the fusion of the structure matrices is uniquely defined in each case, 
the solutions of the fused exchange relations are not. In particular, they 
can be dressed, i.e. multiplied by suitable "coupling" factors. This dressing 
procedure turns out to be crucial: indeed, when the simplest solutions of 
the fused exchange relation are combined in a quantum trace, they decou- 
ple, giving rise to products of lower order hamiltonians. To obtain nontrivial 
commuting quantities these fused T-matrices must be dressed. 

We will finally show that the two fusion procedures identified in [3 El are 
related by a coupling matrix Lm and that they generate the same commuting 
quantities. 

2.1 First fusion procedure 

Let us first start by introducing some convenient notations (see 0) for fused 
matrices. 
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amn' = n n = ^11' ^12' ---A 

ieM jeN' 



In' 



^21' ^22' • • • A2n' ■ ■ ■ 

Ami' ■ ■ ■ Ajnn' (§) 

where M = {1,2, ... ,m) and A^' = (1', 2', . . . , n') are ordered sets of 
labels. The same sets with reversed ordering are denoted by M and N'. A 
set M deprived of its lowest (highest) element is denoted by Mq (M°). 

Remark. In many explicit examples we would have to deal only with 
one single exchange formula with two isomorphic auxiliary spaces. How- 
ever our derivation also applies to a situation where more general coupled 
sets of exchange relations would occur as AijTiBijTj = TjCijTiDij with 
{^,j} C {l,...,mo < cxo} and generically Vi ^ Vj. Such situations will 
occur whenever a universal structure is identifiable and the auxiliary spaces 
Vi carry different representations of the algebra, as in e.g. |^;. It is therefore 
crucial that the order in the index set be stipulated. 

Similar notations are used for the fusion of the other structure matrices. 
The next lemma states that that the structure matrices in (Q) can be fused 
in a way that respects the YB-equations 

Lemma 1. Let A,B,C,D he solutions of the Yang-Baxter equations 
Then the following fused Yang-Baxter equations hold: 

Amn'AmL"An'L" = Aj^fiiiiA^^jiiiA^jf;, (9) 

Amn'Cmu'Cn'L" = Cn'L"Cml"A]^^, (10) 

Dmn'Dml"DniIii = Dj^,i„D]yji„D]^^^, (11) 

Dmn'Bmv'Bn'l" = BniliiBmv'Dmn' (12) 

Proof, simple induction on #M + t^A^'. ■ 

We now describe a fusion procedure for the algebra characterized by (dJ, 
generalizing the one introduced in j2]. 

Theorem 1. If T is a solution of 

Ai2 Ti Bi2 T2 = T2 C12 Ti D12 (13) 
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then 

Tm = \{{tS\{B,X\ (14) 

verifies the following fused equation: 

^MN' Tm B]\jn' Tjsf' = T]\fi Cmn' Tm Dj^f^, (15) 

Proof. Induction on the cardinality n of the index sets: n = #M + #iV' 
which repeats and generahzes the steps in j2]. ■ 

The solution Tm obtained above can be dressed, i.e. can be multiplied 
from the left and the right by suitable factors. 

Proposition 1. Let Tm be a solution of the fused exchange relation. Then 
QmTmSm is also a solution of the fused exchange relation provided Qm and 
Sm verify: 



[Qm, Amn'] — [Qn', Amn'] — [Qn', Bmn'] — [Qm,Cmn'] — (16) 
[Sm, Dmn'] = [Sn', Dmn'] = [Sn',Cmn'] = [Sm, Bmn'] = 

A particular solution of these constraints is provided by: 

Qm = A12A23 . . . Am-l,m (17) 
Sm = -D12-D23 . . . Dm-l,m 

where A12 = P12A12, . . ., P12 being the permutation exchanging two auxiliary 
spaces. 

Proof, again by induction on the cardinality of the index sets. In the induc- 
tion step we use the decomposition: Qn'Bmn' = ^12 • • • ^n'-i,n'-BM N''^''BM,n'-iBM,n', 
for example. ■ 

The fusion procedure can be repeated for the dual exchange relation as 
follows. 
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Theorem 2. If K is a solution of the dual exchange relation: 



-1 



then 



K 



M 



n n ((sfi)" 



t2 



;i8) 



(19) 



is a solution of the dual fused equation 



Proof, similar to that of Theorem ^ Note that the dual structure matrices 
obey a set of appropriate YB-equations, isomorphic to (P)- (fT^ . for instance 



\ MN'I \ MTJ'I \ NT,"I 



\^NL"' \ ML"' \ MN'I 



(21) 



A similar dual dressing procedure exists: Any dressing of a solution of 
fll8|l should obey the commutativity constraints 



[g'^, (A-V)*«v] = [g^„(A;;^,)*MV] = [g^„((s^^^,)-i] 



(22) 



Ql / r-)*M*jv'N-l 



■)tMtN' \ — 1 



"^N'y ii^MN') ^ = ['S'a/) ((-^MTV') ^] ^ 



involving fused dual structure matrices. It is easy to check that if Qm and 
Sm dress solutions of (fl3|) then Q'j^j = Q^^ and S'j^ = S^^' dress solutions of 



2.2 Second fusion procedure 

Results in ^5] hint that relation (P) admits another fusion procedure. We 
will explicitely link the fusion described in the preceding section to the one 
inspired by ref. [T^ . 
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The DKM type fusion is characterized by the following fused exchange 
relation for fused matrices T to be described in the following: 

^MN' Tm Bf^jf^i Tjy/ = Tn' Cmn' Tm Df^^fji (23) 

This equation can actually be obtained from a multiplication of the KS ex- 
change relation (fT^ by suitable factors reversing the ordering of indices where 
it is needed. The next lemma specifies this statement. 

Lemma 2. Let Tm be a solution of the fused exchange relation / f73)) . If Lm 

verifies the following commutation rules 

Lm^mn' = ^mn'Lm Ln'^mn' = ^mn'Ln' (24) 

Ln'Bmn' = Bmn'Ln' LmCmn' = Cmn'Lm 

then Tm = LmTm is a solution of the exchange relation 

^MN' Tm Bmn' Tn' = Tj^i Cmn' Tm Dmn' (25) 
An example of such an Lm is given by: 

=^ 

Lm = Ai2 ■ ■ ■ ^lm^23 • • • ^2m • • • ^m-l,m = JJ^ ^ij (26) 

l<i<j<m 



Proof. The first part is straightforward. Example ()26|) is verified by induc- 
tion using Lm = ^imq-^Mq- For instance, the first relation of is proved 
as: 

Lm^MN' = "^IMoT Mo^lN' ^MqN' = ^lA/o^lTV'-^Mo^MoW"' = 
^lAfo^lTV'^A/oTV'-^Afo = ^MoN"^lN' ^IMq = ^mniLm 

where fused YB-equations are used. ■ 

Combined with Theorem Q this lemma leads to 
Theorem 3. If T is a solution of 

Ai2 Ti Bi2 T2 = T2 C12 Ti D12 (27) 

then 



Tm = n ( n ^^^^^ n ) (28) 



ieM ^ j>i j>i 



is a solution of 



(29) 



Proof. The only property left to check is that the solution Tm in (j28|) is 
obtained from Tm in (jl4|) by a multiplication by Lm in (j26|) . It is enough to 
show that Tm = ^iMoTiBim^Tmo- We only develop the induction step. 

LmTm = AiMoLmqTiBimqTmq = Aim^TiL MqBimqTmq = (30) 
AimqTiBim^LmoTmo = ^imqTiBim^Tmq 



The next proposition describes the dressing of the solutions. 

Proposition 2. Let Tm be a solution of the DKM-type fused exchange rela- 
tions. Then QmTmSm is also a solution provided Qm and Sm verify 



Qn'i Bmn' 

Sn' 5 C*M7V' 



Qm , Cmn' 
Sm, Bmn' 



(31) 




Qmi^mn' — Qn'iAmn 

Smi Dmn' = Sn',Dmn' 
These equations are solved by 

Qm = Lm Qm -^a/ ^m = Sm 

where Qm o,nd Sm dress the solutions of the fused exchange relation M^) and 
Lm is a solution of 



Proof. Straightforward. ■ 

We saw that Tm and Tm were linked by a factor Lm- The question arises 
whether there is a similar relation between the corresponding dual exchange 
algebras and their solutions. The relation is established in 

Theorem 4. Let Km be a solution of the first fused exchange relation M5\) 
and Lm be a solution of |^j). Then Km = {L^m)~^LCm is a solution of the 
KDM-type dual fused exchange relation: 



{A-}}^,r'^^'-'KM{{B\%)-y-'K^, = K^,{iC'^',ry^^KM{Lf:;lf!')-' (32) 
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Proof. We first see that ((221) is indeed the dual exchange relation associated 
with The next step is to check that obeys the appropriate 

commutation relations that enable it to transform the fused dual AD type 
algebra (fT5|) into the fused dual DKM-type one (jHH). It is obvious since these 
equations are the inverse-transposed of (j21|). ■ 

Dressings of these dual fused solutions are obtained from dressings of 
by the same operation as for the AD type fusion, i.e. by transposing. 

2.3 Commuting traces 

In the preceding sections we have derived two distinct fusion procedures 
both of which allow for building commuting quantities. In this section we 
will describe this construction, and show the two different quantum traces 
are identified once the dressing is used. 
We first establish: 

Theorem 5. Let Tm he a solution of the fused AD-type exchange relation 
l[15]} . Tm acts on the tensor product of the auxiliary spaces labeled by M and 
on the quantum space Vg. 

Let Km be a solution of the dual fused AD-type exchange relation 
Km acts on the tensor product of the auxiliary spaces labeled by M and on 
the quantum space Vgi. 

The following operators 

Hm = Ttm (IC'I^Tm) (33) 

constitute a family of mutually commuting quantum operators acting onVq® 
Vg,: 

[Hm,Hn'] = (34) 
Proof. It repeats the steps of [3 Cn] 

■ 

The proof is independent of the particular fusion procedure so it remains 
valid for the DKM case too. Thus we have 

Theorem 6. Let Tm be a solution of the fused DKM-type exchange relation 
\25]] . T^j acts on the tensor product of the auxiliary spaces labeled by M and 
on the quantum space Vg. 
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Let Km be a solution of the dual fused DKM-type exchange relation / IJij)) . 
/Ca/ acts on the tensor product of the auxiliary spaces labeled by M and on 
the quantum space Vqi . 

The following operators 

Hm = Ttm (iC'^i'Tm) (35) 
constitute a family of mutually commuting quantum operators acting on ® 

= (36) 



So far we have two seemingly different sets of commuting quantities ob- 
tained from the same defining relations (^Q) via two distinct fusion procedures. 
However we will show that the operation consisting in dressing and taking the 
trace smears out this difference and one is left with only one set of commuting 
hamiltonians. This is summarized in: 

Proposition 3. The quantum commuting Hamiltonians obtained from any 
set of solutions Tm, Km of il^) . i2U\} are identified with the quantum com- 
muting Hamiltonians obtained from a suitable set of solutions Tm, Km of 
This identification is implemented by a coupling matrix Lm- 

Proof. Let Tm be the solution (fT^ and ICm the corresponding dual solution 
flT^ . The results of the multiplication by Lm and {L*^)~^ are denoted by 
Tm and /Cm- We calculate the tilded hamiltonians after dressing and we find 
that they are equal to the dressed untilded ones. 

TrM(^M Qm^/'S'm) = TrM{K^M Lj^JLmQmLmLmTmSm) = 
TrM{K]^QMTMSM) (37) 



The following propositions justifies the technical relevance of dressings. 

Proposition 4. Operators built from the solution ^14\ ) decouple as Hn = 
Ttn^K'^Tn) = Tr{K'T)#^. 
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Proof. By induction using the property T/v = TiBin^Tn^. Let us detail the 
induction step. 



Note that the result in Proposition 01 implies that the same goes for the 
operators built using the second fusion. Three important remarks are in 
order here. 

The use of dressed quantum traces 

Dressed quantum traces yield a priori independent operators. Indeed, the 
classical limit of a quantum trace computed with the particular dressing (jl7|) 
in Proposition^ will yield TrT" instead of (TrT)" (since A, B,C, D ^ 1^1 
but Pi2 — > Pi2 !)• Quantum traces are directly, in this particular case, (as 
was already known in the context of quantum group structures [H]) quantum 
analogues of the classical Poisson-commuting power traces TrT^. 

The use of undressed quantum traces 

It must on the other hand be emphasized that the decoupling of the undressed 
fused quantities plays an essential role in the formulation of the analytical 
Bethe ansatz solution of sl{n) spin chains (as is seen in jHI) and more gen- 
erally in the formulation of a generalized Mezincescu-Nepomechie procedure 
for fusion of transfer matrices 8j, in that it gives a natural construction of 
products of monodromy matrices such required by this formulation. 

Explicit computation of the dressings 

From a more theoretical point of view, it must be noticed that eqn. ()24p . as 
already discussed for the particular example treated in |2], would appear as 
a condition obeyed by coproducts of the central elements of a (hypothetical) 
universal algebra, thereby promoting the dressing matrices Q and S from 
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"technical auxiliaries" to get non-trivial traces, to representations of Casimir 
elements of the algebra itself^. 

A second more technical remark is required here regarding the actual com- 
putation of the quantum traces with the particular explicit dressing deter- 
mined in Proposition^ Difficulties in applying ()35|) with the explicit dress- 
ings (jl7|) may occur when the auxiliary space ^ is a loop space V"*-"-* (8> C{z) 
(r;,=finite dimension of the vector space). Indeed, the permutation of spec- 
tral parameters required in formula ()17|) is only achieved at a formal level by 
the singular distribution 6{zi/zj) (see [2J for discussions). Hence the actual 
explicit computations of such quantum traces may entail delicate regulariza- 
tion procedures. However, if one only focuses on the practical purpose of the 
quantum trace procedure, which is to build a set of commuting operators, 
use of higher-power fused objects as in (fT^ and (fT^ is mostly required when 
no spectral parameter is present in the represented exchange algebra (Q). 
Otherwise one needs to consider only the first order trace TriKi{zi)Ti{zi) 
and expand it in formal series in Zi. If no spectral parameter is available, one 
can then use (HH), (fT^ . (fT7|) and (jHS)) to build explicitely without difficulties 
a priori independent commuting quantum operators. (For an application to 
a different algebraic structure see |5]). 

2.4 Further example: "Soliton non-preserving" bound- 
ary conditions: Twisted Yangians. 

We have mentioned in the Introduction several examples of non-dynamical 
quadratic exchange algebras. Another interesting example to which we plan 
to apply this scheme is related to the so-called "soliton non-preserving" 
boundary conditions in integrable lattice models (see PH])- To character- 
ize it we will focus on the su{n) invariant R matrix given by 



where V is the permutation operator on the tensor product Vi (8) V2. The R 
matrix is a solution of the Yang-Baxter equation ^3 1201 1^ and also 
satisfies: 

(i) Unitarity 



Ri2{\) = \I + iVi2 



(38) 



RuW i?2i(-A) = C(A) 



(39) 



this was pointed out to us by Daniel Arnaudon 
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where -R2i(A) = ^12-^12(^)7^12 = RiiW ^^(^ ^ is the permutation operator. 

(a) Crossing-unitarity 

R%{\) Ml R%{-X - 2ip) Mf 1 = C'(A + ip) (40) 
M = V^ V ^ (M = 1 for the su(n) case) P = ^ ^^^d also 

[M1M2, i?i2(A)] = 0, (41) 

C(A) = (A + 0(-A + z), C'(A) = (-A + zp)(A + zp). (42) 

It is interpreted as the scattering matrix [231 1221 121] describing the inter- 
action between two sohtons -objects that correspond to the fundamental 
representation of su(n). 

One may also derive the scattering matrix that describes the interaction 
between a soliton and an anti-soliton, which corresponds to the conjugate 
representation of 5u(ra). It reads: 

Ri2{\) = R12W = RuW = Ui R%{-\ - ip) f/i, (43) 

and it can also be written as 

i?i2(A) = (-A-zp)/ + zQ (44) 

where Q is a projector onto a one dimensional space, and where f/ is a matrix 
of square 1. Note that for the su{2) case 

Ri2{\) = RuiX), (45) 

which is expected because su{2) is self conjugate. The R matrix also satisfies 
the Yang-Baxter equation and 

(i) Unitarity 

^i2(A)^2i(-A) = C'(A) (46) 

(ii) Crossing-unitarity 

R%{X) Ml R%{-\ - 2ip) Mfi = C(A). (47) 
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The reflection equation 

The usual reflection equation jT] describes physically the reflection of a soliton 
(fundamental representation of su(n)) as a soliton. The associated quadratic 
algebra was considered e.g. in [2j 

i?12(Al-A2) ri(Ai)i?2l(Ai + A2) r2(A2) = r2(A2) i?12(Al + A2) Ti(Ai) i?2l(Al-A2). 

(48) 

Considering now the reflection of a soliton as anti-soliton one is similarly lead 
to the formulation of another quadratic algebra: 

i?i2(Ai-A2) Ti(Ai) ^2i(Ai+A2) T2(A2) = T2(A2) ^i2(Ai+A2) Ti(Ai) i?2i(Ai-A2). 

(49) 

More speciflcally equation (pUj) is the deflnition of the so-called twisted Yan- 
gian. Its dual reflection equation is obtained essentially by taking its formal 
transposition: 

i?i2(-Ai + A2) K{\\i) Mf 1 i?2i(-Ai - A2 - 2ip) Ml K'^{X2) 
= K\\X2) Ml i?i2(-Ai - A2 - 2ip) Mf 1 K{'{\i) i?2i(-Ai + A2).(50) 

This indeed realizes the general quadratic exchange relation ((T)), ((Tj) with 
the following identiflcations (using unitarity and crossing symmetries of the 
i?-matrix) 

A12 = -Ri2(Ai — A2), -B12 = -R2i(Ai + A2), C12 = -Ri2(Ai + A2), -D12 = -R2i(Ai — 

{A^^y^'^ = Ru{-Xi + A2), {{B%)-y' = Mii?i2(-Ai - A2 - 2ip)M^\ 
{{Cll)-y^ = Afr'i?2i(-Ai - A2 - 2zp)Mi, (1^1-2^)*^*^ = i?2i(-Ai + A2) 

Explicit application of the quantum trace procedure to this particular 
algebra will be left for further studies. 

3 Quantum traces for semi- dynamical quad- 
ratic algebras 

The second type of quadratic exchange relations considered here consists of 
the dynamical quadratic algebras generically described and studied in [TT] 
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which were first exemphfied in the context of scalar Ruijsenaars- Schneider 
models in j^H]- Fusion procedures and commuting traces can be built up for 
these dynamical quadratic algebras following the same overall procedure as 
in the non-dynamical case, albeit with crucial, non-trOivial differences. 

3.1 The semi-dynamical quadratic algebra 

Let us recall here the basic definitions. Our starting point is the dynamical 
quadratic exchange relation: 



Ai2(A)Ti(A)5i2(A)T2(A + 7/ii) = T2(A)Ci2(A)Ti(A + 7/^2)1^12 (51) 



This describes an algebra generated by the matrix entries of T. A, B, C, D are 
matrices in End{V V) depending on A G f)* where f) is a commutative Lie 
algebra, of dimension n, making V a diagonalizable ()-module. Introducing 
coordinates Aj on f)* and the dual base hi on f) the shift A + 7/1 can be defined 
in the following way. For any differentiable function /(A) = /({Aj}): 



In the forthcoming calculations 7 is set to 1 for simplification. Zero weight 
conditions are imposed on the first space of B and the second one of C, D 
is of total weight zero. 

[Bu,h®l] = [Ci2A®h] = [Du,h®l + l0h] = O {h e i)) (54) 

These particular conditions, together with the absence of dynamical shift in 
two out of four T matrices in (jSI)), lead us to denote this structure as "semi- 
dynamical" . We will restrict ourselves from now on to the case where V is 
of dimension n: the basis of V and the generators of f), can then be chosen 
so that one identifies: hi = En (diagonal basis elements of 0[(ra),see e.g. [23] 
for introduction of this condition). These conditions mean in particular that 
B and C are diagonal on the corresponding spaces, respectively Vi and V2. 
In addition, D has components on basis elements Eij ® E^i of Ql{n) (g) Ql{n) 
only when the sets {i, k} and {j, 1} are equal (property ZW). In other words 



f{X + jh) 



e^^/(A)e- 



(52) 



where 




(53) 
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non-zero elements have identical unordered multiplets of line and column 
indices. 

For the consistency of the exchange relations the following set of coupled 
"dynamical" YB-equations is imposed. 

Al2 Ai3 A23 = A23 v4i3 A12 (55) 

Di2(A + 7/^3) ^13 ^23(A + 7/^1) = D23 D.siX + lh2) Du (56) 
D12 B2siX + 7/^1) = 5i3(A + 7/^2) Du (57) 

A12C13C23 = C23 Ci3 Ai2(A + 7/i3) (58) 

The simplest example of this algebra is related to the elliptic scalar gl{n) 
Ruijsenaars-Schneider model and was first written in (21] • We only write 
down its rational limit here. 

A{X) = l + J2^,iEu- E,,) ® (% - E,,) (59) 



1 



Ajj 7 



where Eij is the elementary matrix whose entries are {Eij)^^ = SikSji and 
Ajj = Aj — Xj. These matrices verify the consistency conditions (j33|) - (j3H)) . 
A scalar representation of the exchange algebra defined with these structure 
matrices is then provided by: 

nX) = j: ^^^^\^^^ E,^l (62) 

The word "scalar" is used here in the sense that T(A) acts on a one- 
dimensional (trivial) quantum space. The exchange relation (jSlj) is just a 
c-number equality. Representation of (j51|) on non-trivial quantum spaces is 
provided in this context by the comodule structure in [TT| . 

Let us note here that the condition AB = CD found in j^Hl means in 
this context that the identity matrix is also a solution of (j^T|) . This is not a 
trivial statement; in fact it does not hold in general, and is not preserved by 
fusion procedures. 
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3.2 Fusion procedures and the "dual" algebra 

Let A, B, C, D be solutions of the dynamical exchange relation. We will 
define their fusion by induction as follows. We omit the dependence on 
A and simplify the notations of the shifts as otherwise we use the 

notations introduced in section 12.11 defining the multiple-index matrices by 
induction as: 

BmN' = BmvBmnI^ = BiN' [BMoN'{hl)\ 
CmN' = CiN'CmoN' = CmV [CMN[j{hii)'j 
DmN' = B>iN' [DMoN'{hi)] = [DMn'{h(^ii^n'~l))] Dj^j^'^ 

j 

where h(ij) := ^^/ifc. These fused structure matrices verify the fused dy- 

k=i 

namical YB-equations which are gathered together in the next proposition. 

Proposition 5. Let A, B, C, D he solutions of the dynamical Yang-Baxter 
equations Then the following fused dynamical Yang-Baxter equa- 

tions hold: 

^MN'^MV'^N'L" = ''^N'L"'^ML"^MN' 
AmN'CmU'Cn'L" = CN'L"CML"Aj^fi,{hL'i) 
B>MN'ihL")D^.jl„Dj^f,l„{hM) = Dj^,lnDML"{hN')DMN' 
DMN'BML"BNiLii{hM) = BN'L"BML"{h^')D^,jff, 

Proof, by induction, using at crucial stages the zero weight properties. The 
fusion procedure respects the property ZW for D and the diagonality of B. 
It is also clear from the fusion procedure that the fused shift matrix Hm is 
identified with ■ 

Theorem 7. Let T be a solution of the dynamical quadratic exchange relation 
AuT.BuT^ih,) = T2Ci2Tiih2)Du (63) 

then 

TM=n(T,(5^M(n%)) (64) 

ieM ^ k<i ^ j>i ' ^ 
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verifies the fused dynamical exchange relation 

A-MN'ThlBMN'TNiihM) = TNiCMN'TM{hN')DMN' (65) 

Proof. Similar to that of Theorem Q but the induction step uses the fact 
that T/vf = TiBiMoTMo{hi) and uses the fused dynamical YB-equations. ■ 

The dual exchange relation and an associated fusion procedure are de- 
scribed in the next theorem. 

Theorem 8. Let K be a solution of the dynamical quadratic exchange rela- 
tion 

{A-,^r'-K,{B%)-'K,{h,) = K2{Ci\r'K,{h2){D^,'Y^'^ (66) 

then 

Km =11 U.iYl hk) ( n ) (67) 

ieM ^ k<i ^ j>i ^ ^ 

keM j£M 

verifies the fused dynamical exchange relation 

{A-I^,y'''- Km [Blr^y' Kr^ikM) = i^^v (C^)"' i^M(/^iV') (^mV)^^^) 

Proof. Similar to the nondynamical case. ■ 

Note that the structure matrices of this dual relation are related to orig- 
inal ones in the same way as in the nondynamical case once we take into 
account the partial zero weight property of B and C which implies diagonal- 
ity on the corresponding spaces, respectively Vi and V2. 

3.3 Second fusion 

As in the nondynamical case, one can define another KDM-type fusion with 
the appropriate shifts. This fusion is characterized by the following exchange 
relation 

^MN'TMBMN'TN'ihM) = Tj^iC ]i;-[jq,TM{hiqi)D j^.jf;, (69) 

The analogy with the nondynamical case can be pushed further i.e. there 
exists an object Lm linking the fusions in Theorem [7| and El This allows us 
to use directly the proofs of Theorem [HI and |3 
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Lemma 3. Let Tm be a solution of the fused equation / 1 6'^) . If Lm verifies 
the following commutation rules 

(70) 



Lm^mn' 






Ln'-^mn' 


= ^mn'Ln' 




Ln'Bmn' 




•{hM) 


LmCmn' 







then LmTm is a solution of the exchange relation 

^mn'TmBm^iTj^'^Hm) = T^iC j^[f]iTM{hNi)Dj^^fii (71) 
An example of such an Lm is given by 

Lm = ^12 • • • ^lm^23 • • • ^2m ■ ■ ■ ^m-l,m = W (72) 

l<i<j<r?i 

Proof. Straightforward, using the dynamical YB-equations ()55|) - (jFr|) . ■ 

Now we state the dynamical versions of Theorem |21 and 01 
Theorem 9. Let T be a solution of the dynamical quadratic exchange relation 

AuTiBuT2{h,) = T2CuTi{h2)Du (73) 

then 

Tm = n ( n ^^myi n ^^^) (^4) 

ieM ^ j>i k<i j>i ^ 

verifies the fused dynamical exchange relation 

■^MN'TuBMN'TN'ihM) = TN'CMN'TM{hN')DMN' (75) 

Proof. Reproduces the proof of Theorem El with suitable dynamical shifts. 



The dual exchange relation and an associated fusion procedure are de- 
scribed in the next theorem. 
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Theorem 10. Let Km be a solution of the first fused exchange relation / I6'6|) 
and Lm be a solution of fWj i. Then Km = (-^m )~^-^m is a solution of the 
KDM-type dual fused exchange relation: 

Proof. Reproduces the proof of Theorem with suitable dynamical shifts. 

■ 

3.4 Dressing. 

Solutions Tm of the fused dynamical exchange relations also admit dressing 
procedures. However, because of the dynamical nature of the exchange re- 
lations some of the equations that the dressings Qm and Sm obey exhibit 
shifts, too. Specifically we have 

Proposition 6. Let Tm be a solution of the fused dynamical exchange re- 
lation. Then QmTmSm is also a solution of the fused exchange relation 
provided Qm and Sm verify: 

[Qm.Amni] = [Qn',Amn'] = (77) 

Qn'BmN' = BMN'QN'{hM) QmCmN' = CMN'QlVlihN') 

[Sn> .Cmn'] = [Sm, Bmn'] = (78) 
SM{hN')DMN' = Dmn'Sm Sn'Dmn' = Dmn'Sm^Hm) 

A particular solution of these constraints is given by: 

Qm = ^12^23 • • • ^m-l,m 

Sm = Di2D2z{hi) . . . -Dm-l,m(^(l,m-2))5 

Proof. By induction, similar to the non-dynamical dressings. ■ 

An interesting comparison can be drawn between this formula for Sm and 
the formula used in [S] to dress the quantum traces for dynamical quantum 
groups. The formula for Sm is exactly the "mirror image" of the formula: 

^t-F^ ~ -^12(^(3,m)) • • • Rm,m-1- 
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3.5 Three lemmas: dynamical and cyclic properties of 
D. 

Three easy technical lemmas are required to proceed with the construction. 

Lemma 4 (Dynamical transposition). Let R{q) and S{q) be two ma- 
trices with mutually commuting entries depending on a set of commuting 
coordinates {qk}k=i- then have: 

{R{q)e^S{q)y = [5^^(g)]*e^ (79) 

where S^^{q)ij = e^''S{q)ije-'^i = 'S'ij((?i, ■ ■ ■ , q{i) + 1, ■ ■ ■ , qn)) (shift on line 
index) and R^^{q)ij — e^^^ R{q)ije^^ (shift on column index). 

Proof. We compare the ij-th entry on both sides using the fact that entries 
of S^^ and R^*^ do not contain explicit shift quantities and therefore 
commute with each other. If (in the case of /c-tensor products) "i" denotes 
a fc-uple of indices (ii, . . .ife), the notation q^^y + 1 must be interpreted as 

Remark. Later we will use this lemma in the special case when R{q) is 
diagonal. This implies R^'-'{q) — e~^R{q)e^. 

Lemma 5 (Matrix dynamical shift). Let D(q) be a matrix obeying the 
zero weight condition: 

pi2,/i®l + l®/i] =0 {he[)) (80) 

Then the exponentials can be "pushed through" D, that is we have 

e-^^-^^L'is = L>i2e-^^-^^ (81) 

where D12 = D^^^^^\ 

Proof. What this lemma means is that one can write e'^^'^"^ Di2e^^'^^'^ in 
a matrix form where the exponentials of derivatives cancel out. The proof is 
straightforward because the zero weight condition implies the identification 
of incoming and outgoing indices of D. One then verifies easily the equality 
of the two sides. ■ 
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Lemma 6. Let D{q) he a matrix obeying the zero weight condition: 

[Di2,/i®l + l®/i] =0 {he^) (82) 

Then D is cyclic with respect to the trace operation over Vi ® V2 (^s follows: 

Tru {DuXuDi,'e''^e^') = Tr^2 (Xiae^^e^^) (83) 

where X is an arbitrary matrix the entries of which commute with the entries 
ofD. 

Proof. Consequence of the ZW property of D, which allows to reinterpret 
the matrix indices of e'^^"*"^^ as line instead of column indices of -0^2^, allowing 
then to independently sum over the now decoupled column indices of 
with line indices of D12 to altogether eliminate the matrix D from the trace. 
Labels 1 and 2 formally denote here tensored auxiliary spaces. ■ 

3.6 Commuting hamiltonians. 

We can now state the fundamental result of this section. 

Theorem 11. Let Tm be a solution of the fused dynamical exchange relations 
/ f^) . T/i/ acts on the tensor product of the auxiliary spaces labeled by M and 
on the quantum space Vg. 

Let Km be a solution of the dual fused dynamical exchange relation KU^) . 
JCm O'Cts on the tensor product of the auxiliary spaces labeled by M and on 
the quantum space Vqi . 

The following operators 

Hm = Ttm {TMe^^'{Kl?Y'') (84) 
constitute a family of mutually commuting quantum operators acting onVq® 

[Hm, Hn'] = (85) 

Proof. Similar to the preceding one, but extra care must be taken because 
of the shift operators that enter the expression. Using the dynamical trans- 
position lemma for Kf^fi one has: 

HMHr,^ = Tr (TMe^^^(ii'ff )**^T^,e^-' (iT^^^)*-') = (86) 

Tr (TMe^''{K^^f''T'^^: K^.e^^'^ 
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since the invariance of the trace with respect to transposition is preserved in 
the dynamical case. One then writes: 

Tr (^{TMBMN'TN'ihM))''''^' {{B'^/^,Y^e^'' {KlfY^'f^' K^'e""^'^ 

In the last equality the identification T^^,' {hM)B^^'^i = {BMN'TN'{hM)Y'^' 
uses the zero- weight condition [Bmn', ^m] = 0. Using once again the dynami- 
cal transposition lemma and the zero- weight condition on B which guarantees 
e^'-'{{B^^/^,)-^Y^^''' = {B^Yj^y^e'^^' as commented above, one gets: 

Tr(^{TMBMN'TNihM)y'''^'A'lfYf'{A'^f^^^ - 
Tr(^{AMN'TMBMN'TN'{hM)f''''^'{A'^f^^^^ 

One here identifies the direct and dual exchange relation, to yield:. 

Tr (^D'^'Y^^Tn^Cmn'TmMY'-''^' Kn>{C'^^^^^^ 
Here Lemma IHl is at work. 

Tr {TN,{CMN'TM{hN>)YYKN'{C'^!N')'^e^^^ = 

Once again we have used the dynamical transposition lemma and the partial 
weight zero property of Cmn' 



Tr{Tr,,Tlf{hN')e^^'{K^9y^'KMe^'') = 

Tr [TN't^^' {K^Jry^'T'j^^ Kue^^') = Tr {Tn'C^^' Kt^.Tue^'" {K^mY^') 
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Without the dressing described by Proposition IHl the traces constructed 
in (j64p decouple just as in the nondynamical case. Indeed we have 

Proposition 7. Operators built from the solution ^64\ ) decouple as 

TrM{TMe^''{KifC-') = Tr{Te''{K''^y)*^' 

Proof. We will prove the proposition for M with two elements. The state- 
ment remains valid for higher powers by induction. We also need to put 
the trace under a more amenable form. In fact, Tr{TMe^'^' [K^fY'^') = 
Tr{TlfKMe^'''). by virtue of Lemma H 

where ( )'^'"^ means ( Y'^ operation applied on the first space. 



Of course, the three comments made after Proposition E] in the non- 
dynamical case remain valid, although we do not know yet of explicit ex- 
amples for Mezincescu-Nepomechie procedure in a dynamical context. 

4 The fully dynamical algebra 

The third type of quadratic algebra considered here is the extension to general 
structure matrices A, B, C, D of the "boundary dynamical algebra" (BDA) 
considered in |131 Fusion and trace formulas were defined in for 
the particular case of BDA where A = D = R{ui — U2), B = C = R{ui + 
U2), R being the IRF Z„ i?-matrix. The most general "fully dynamical" 
(denomination to be justified presently) exchange algebra reads: 

^i2(A)ri(/ + -fh2)B^2{l)T2{l + 7/^1) = T2{1 + ^h,)CMTi{l + lh2)D^2{l)m 

Once again we assume dim f) = dim V [25j. The following conditions are 
imposed on the structure matrices {R = A, B, C or D) Unitarity 
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Ri2{ui,U2;l)R2i{u2,Ui;l) = 1 



(88) 



Zero weight property 

[h®l + l0h,Ru{ui,U2;l)] = O (hei)) (89) 

R then verifies the same ZW property as in the semi-dynamical case. By 
contrast with the previous case all four matrices in ()87j] exhibit a dynam- 
ical shift and all four structure matrices have (1 + 2)- zero weight, hence 
the denomination "fully dynamical" . In some specific examples |27| |2H1 the 
structure matrices also obey the dynamical zero weight property: 

[D0l + l0V,Ri2{ui,U2;l)] = O (90) 
Structure matrices all obey Gervais-Neveu-Felder type equations. 



AMAi3{l + lh2)A23{l) = A23{l + -fh)A,3{l)Ai2{l + 7h) 

Auil)C,sil + ^h2)C23il) = C23il + lh)CMAi2il + lh) 

D,2il + lh)Drs{l)D23il + ^h) = D2sil)D,3il + lh2)Du{l) 

D,2{l + lh)B,3il)B2sil + lh) = 523(05l3(/ + 7^/^12(0 (91) 

If the dynamical zero weight property is verified then all equations can 
be rewritten under the more familiar 'alternating shift' form 

Ruil - lh)Risil + lh2)R2z{l - ihi) = R2z{l + lhi)Ri3{l - lh2)Ri2{l + ih^) 

As in the previous situation, these equations ensure the compatibility of 
the algebra in the following sense. Let us take the left hand side of exchange 
relation ()87|) . embed it in a triple tensor product and shift it on the third 
space. Then let us multiply it with i?i3(Mi, M3; /)i?23(M2, Ms; ^ + 7^1)^3(^3; ^ + 
7/11 +7/12)- One can reverse the order of the T's in two different ways which 
yield the same result if equations (PT|) are obeyed. 

4.1 Fusion procedure and the "dual" algebra 

The fusion of the structure matrices is again defined by induction as follows: 
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^MN' = ^lAf'(^(2,m))^J\/o^' — ^Mn'^M^if^n') 
BmN' = BiNiBMaN'{hi) = BMl'{h(^2',n'))BMNl^ 
CmN' = CiNi{h{2,m))C MqN' = CMvCMN'^{hl) 
DmN' = -Di7V'-Da/oJV'(^i) = DMn'{h(ii,a'-l))Dj^jfj^ 

These fused matrices verify the corresponding fused YB-equations and 
the ZW property. 

Proposition 8. Let A, B, C, D he solutions of the dynamical Yang-Baxter 
equations Then the following fused dynamical Yang-Baxter equations 
hold: 

^MN'^ML"{hN')AN'L" = ^N' L" (^m) A^l,: A^ff, (Hl") 
AMN'CML"{hiyi)Ciy'L" = C n' L"{hM)C ML" ^MN'O^L") 
DMN'{hL")DML"DNiL"{hM) = D j^ilnD }^jl„{hN')D ^N' 
DMN'{hL")BML"BN'L"{hM) = Bn' L" BML"{hN')D mN' 

Proof. Straightforward by induction. ■ 

Note that the dynamical zero weight property does not survive fusion, 
but algebraic zero weight does. In this sense this dynamical zero weight 
property is not relevant for the construction of commuting traces, and is 
not (generically) a feature of the universal algebra. We will from now on 
disregard it. In addition, we will concentrate here on the most relevant 
features of quantum trace building, ignoring for instance the possibility of a 
"second fusion" . 

Theorem 12. Let T he a solution of the dynamical quadratic exchange re- 
lation 

A^2Ti{h^)B,2T2{h^) = T2Ci2Ti(/i2)/^i2 (92) 

then 

tm = n (^^(E ^'^)( n ^^^(E + E ^^))) (93) 

ieAf ^ ky^i ^ j>i k<i k>j ' ' 

k&M j&M k&M keM 

verifies the fused dynamical exchange relation 

^MN'TM{hN')BMN'TN'{hM) = TM'{hM)C MN'TM{hN')L) MN' (94) 



27 



Proof. Similar to that of Theorem^but the induction step uses the fact that 
Tm = Ti{hMo)BiMgTMo{hi) and uses the fused dynamical YB-equations. ■ 

The dual exchange relation and the associated fusion procedure are de- 
scribed in the next theorem. 

Theorem 13. Let K be a solution of the dynamical quadratic exchange re- 
lation 

AUl)K,{l + ^h^)BUl))K2{l + ih^) = K2{1 + ^h^)CUl)Ki{l + lh2)DUl) 
where 



then 



Km =11 h'^) ( n BUY. + E ^A) 

i&M ^ kjii ^ j>i k<i k>j ' ' 

k^M j&M keM keM 



(95) 



verifies the fused dynamical exchange relation 

A'i4fliKM{hN')B'ljj^,KN'{hM) = KNi{hM)C'li^iKM{hN')D'lif;f, (96) 

Proof. Straightforward once one has established that the fused dual struc- 
ture matrix is equal to the dual of the fused structure matrix and that the 
YB-equations obeyed by the dual structure matrices derive from the equa- 
tions (jnH). ■ 



4.2 Dressing 

Proposition 9. Let Tm be a solution of the fused fully dynamical exchange 
relation. Then QmTmSm is also a solution of the fused exchange relation 
provided Qm and Sm verify: 



Qm^MN' = ^A/7V'Qa/(^JV') QN'{hM)AMN' = ^mn'Qn' (97) 

Qn'BmN' = BMN'QN'{hM) QmCmN' = CMN'QM{hN') 

SN'{hM)CMN' = CmN'Sn' SM{hN')BMN' = Bmn'Sm (98) 

SM{hN')D MN' = Dj^j^iSm S^'D^ff, = Djy,jff,SN'{hM) 
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A particular solution of these constraints is given by: 

Qm = ^12(^(3,m))^23(^(4,m)) • • • ^m-l,m 
Sm = -Di2-D23(/il) . . . -D,m-l,m(^(l,m-2)); 

Proof. By induction. ■ 
4.3 Commuting traces 

We use the following properties inferred from lemma |S1 

e~^'Aue^^ = e^Mi2e-^^ 

and their transposed variants: 

^v,^^-sc,t,yi^v, ^ e^'iA-i'^^'T'e^' (99) 

and so on. Since these relations are immediately derived from the ZW prop- 
erty on the structure matrices, they remain valid for fused structure matrices, 
too, since the fusion respects the zero weight property as opposed to the dy- 
namical zero weight property (cf. remark above). In this case labels 1 and 2 
formally denote tensored auxiliary spaces. 

Theorem 14. Let Tm he a solution of the fused dynamical exchange relations 
/ f^) . Tm acts on the tensor product of the auxiliary spaces labeled by M and 
on the quantum space Vq. 

Let ICm be a solution of the dual fused dynamical exchange relation / 1 6'^) . 
/Ca/ acts on the tensor product of the auxiliary spaces labeled by M and on 
the quantum space Vq'. 

The following operators 

Hm = TrMe-''''TMe^''K^M''' (100) 
constitute a family of commuting operators acting on Vq ® Vq' 

[Hm,H^'] = Q (101) 
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Proof. It is worth to give a detailed description of the proof as in theorem 
^Jsince the occurence of derivative objects ~ e^^^ considerably modifies it in 
comparison to the standard Sklyanin-type proof for non-dynamical algebras. 
Once again the dynamical transposition lemma plays a essential role. 



Tr e-''^''TMe''^'Kj^^ 

■ N 



J- N' 



Tr e-^*^ [e-'^^'A-l^,TN'{hM)CMN'TM{hN')DMN'e^'']''" 



X 



Tr [t 



' ^MN''^N'{hM)CMN'TM{hN')DMN'] '^"^ X 



e'^M ( D ^^N'^N' \~l„T>ff, rfSCutM 



tM 



Pushing exponentials through B. 



Tr [e-^«-^-'A^,Vr^,(/iM)CMiv'TM(/iiv')^M7V'] e 



(B~ 



SLf^ltj^l \—l^M Ji^SCM^M 



Tr [Al}^,e''^''-'^^'TN,{hM)CMN'TM{hN')DMN'X"''' e 
i^Me^« ( {B-Jn'""'"" ) ) '''''''' e-^^' Kn' e^^' 
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Using zero weight of A and B transposed. 

Tr [T^'{hM)CMN'TM{hN')DMN'r''''""''"" e-^«~^-' x 

Tr [TN'{hM)CMN'TM{hN')DMN'r''''''"''''" e-^''-''^' x 
Tr [Tn'{hM)CMN'TM{hN>)DMN'V'''''''"'"'" e''^^'^'^'^' x 
Tr [e-^'''-^^'TN'{hM)CMN'TM{hN')DMN'] x 
Tre-^'"-^^'TM' {hM)CMN'TM{hN')DMN'D];l^,e^''+^^' x 

Tre-^^'TN' [e-^^CA/TV'e^'^'TA/]*" e^«"^^' x 

Tre-^^'Tj,,e^^' [C-AfTve'^^TM]*" e^^^-^-' x 

Tre-^^' Tn'C^^' Tlf^^''' e^^^Cj^^^^"*" ^^m-v^, {CI^n''" )~^e^^' e'^^' Kmc 

Using zero weight of C. 

Tre-^^' Tn' e^^' T-f^'^""' K^^?^' e''^'' Kmc^^' = 
Tre-^^' Tn'C^^' /sTJ? T'/^^*" e"^'^^ i^A/e^" = 
Tre-^-'T^ve^-'i^Jf-'*'^' [T^f "^^'^'^ e'^ [iTA/e^'^f " = 
Tre-^^'TN,e^^'yK^?'''''''e~^^'TMe^''K^^'''" = H^.Hm 



5 Conclusion 

We have now defined fusion and trace procedures in view of obtaining com- 
muting hamiltonians of "quantum trace type", for the non-dynamical gen- 
eral quadratic algebra ([Q), for the semi-dynamical quadratic algebra (j51|) 
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and for the fully dynamical quadratic algebra (jS7j). Our immediate inter- 
est is now to apply this procedure to some particularly interesting examples 
of such quadratic algebras, the most relevant being at this time the scalar 
Ruijsenaars-Schneider quantum Lax formulation (semi-dynamical type) fl^ . 

Note in this respect that previous application of an order-one trace for- 
mulation (i.e without auxiliary space tensor products) to the specific case of 
"boundary dynamical s[(2) algebras" considered in ^2] yielded models de- 
scribed in [27 as generalizations of the Gaudin models. Positions of the sites 
were associated with values of the spectral parameters (in a spin-chain type 
construction), not with the dynamical variable itself whose interpretation is 
unclear. 

As already emphasized, our elucidation of tensor product structure for 
quadratic algebras is also very important in formulating generalizations of 
the Mezincescu-Nepomechie fusion procedure in general open spin chains 0. 

Our constructions moreover also shed light on some characteristic proper- 
ties of the quadratic algebra. The building of commuting traces requires first 
of all the introduction of a dual exchange relation. It seems possible that this 
notion reflects the existence of anti-automorphisms of the underlying hypo- 
thetical algebra structure, of which the transposition and crossing-relations 
used in the non-dynamical cases (see |2]) would be realizations. 

The explicit formulation of consistent fusion relations should also help in 
understanding the meaning of quantum algebra (QA) structures and charac- 
terizing in particular their coalgebra properties. As pointed out, the DKM- 
type fusions do stem in at least one case from a universal structure |15| , and so 
does the fusion for boundary dynamical algebra (case when A, B, C, D stem 
from one single dynamical i?- matrix 14 ). Regarding the semi-dynamical 
QA it was already known [TT] that one could extend the quantum space on 
which entries of T act, by auxiliary spaces of A and B or C and D matri- 
ces, thereby obtaining spin-chain like construction of a monodromy matrix 
(comodule structure). We have now defined the complementary procedure, 
extending the auxihary space by a "fusion" procedure. This yields the full 
"coproduct" or rather comodule structure of the DQA ^T\i. 
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